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Abstract

Elementary vector and tensor analysis concepts are reviewed in a manner that
proves useful for higher-order tensor analysis of anisotropic media. In addition
to reviewing basic matrix and vector analysis, the concept of a tensor is cov-
ered by reviewing and contrasting numerous different definition one might see
in the literature for the term “tensor.” Basic vector and tensor operations are
provided, as well as some lesser-known operations that are useful in materials
modeling. Considerable space is devoted to “philosophical” discussions about
relative merits of the many (often conflicting) tensor notation systems in popu-
lar use.
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July 11, 2003 1:03 pm
Preface D R A F TR e b e c c a  B r a n n
 o n

Preface

Math and science journals often have extremely restrictive page limits, making it vir-
tually impossible to present a coherent development of complicated concepts by working
upward from basic concepts. Furthermore, scholarly journals are intended for the presen-
tation of new results, so detailed explanations of known results are generally frowned
upon (even if those results are not well-known or well-understood). Consequently, only
those readers who are already well-versed in a subject have any hope of effectively read-
ing the literature to further expand their knowledge. While this situation is good for expe-
rienced researchers and specialists in a particular field of study, it can be a frustrating
handicap for less experienced people or people whose expertise lies elsewhere. This book
serves these individuals by presenting several known theorems or mathematical tech-
niques that are useful for the analysis material behavior. Most of these theorems are scat-
tered willy-nilly throughout the literature. Several rarely appear in elementary textbooks.
Most of the results in this book can be found in advanced textbooks on functional analysis,
but these books tend to be overly generalized, so the application to specific problems is
unclear. Advanced mathematics books also tend to use notation that might be unfamiliar to
the typical research engineer. This book presents derivations of theorems only where they
help clarify concepts. The range of applicability of theorems is also omitted in certain sit-
uations. For example, describing the applicability range of a Taylor series expansion
requires the use of complex variables, which is beyond the scope of this document. Like-
wise, unless otherwise stated, I will always implicitly presume that functions are “well-
behaved” enough to permit whatever operations I perform. For example, the act of writing

 will implicitly tell you that I am assuming that  can be written as a function of 
and (furthermore) this function is differentiable. In the sense that much of the usual (but
distracting) mathematical provisos are missing, I consider this document to be a work of
engineering despite the fact that it is concerned principally with mathematics. While I
hope this book will be useful to a broader audience of readers, my personal motivation is
to establish a single bibliographic reference to which I can point from my more stilted and
terse journal publications.

Rebecca Brannon, rmbrann@sandia.gov
Sandia National Laboratories
July 11, 2003 1:03 pm.

“It is important that students bring a certain ragamuffin, barefoot, irreverence
to their studies; they are not here to worship what is known, but to question it” 

— J. Bronowski [The Ascent of Man]
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September 4, 2003 5:24 pm
Introduction

D R A F TR e b e c c a  B r a n n n
o

FUNCTIONAL AND STRUCTURED TENSOR 
ANALYSIS FOR ENGINEERS:

a casual (intuition-based) introduction to vector and 
tensor analysis with reviews of popular notations used in 

contemporary materials modeling

1. Introduction
RECOMMENDATION: To get immediately into tensor analysis “meat and
potatoes” go now to page 21. If, at any time, you become curious about what
has motivated our style of presentation, then consider coming back to this
introduction, which just outlines scope and philosophy. 
There’s no need to read this book in step-by-step progression. Each section is
nearly self-contained. If needed, you can backtrack to prerequisite material
(e.g., unfamiliar terms) by using the index. 

This book reviews tensor algebra and tensor calculus using a notation that proves use-
ful when extending these basic ideas to higher dimensions. Our intended audience com-
prises students and professionals (especially those in the material modeling community)
who have previously learned vector/tensor analysis only at the rudimentary level covered
in freshman calculus and physics courses. Here in this book, you will find a presentation
of vector and tensor analysis aimed only at “preparing” you to read properly rigorous text-
books. You are expected to refer to more classical (rigorous) textbooks to more deeply
understand each theorem that we present casually in this book. Some people can readily
master the stilted mathematical language of generalized math theory without ever caring
about what the equations mean in a physical sense — what a shame. Engineers and other
“applications-oriented” people often have trouble getting past the supreme generality in
classical textbooks (where, for example, numbers are complex and sets have arbitrary or
infinite dimensions). To service these people, we will limit attention to ordinary engineer-

“Things should be described as simply as possible, 
but no simpler.” — A. Einstein
1
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ing contexts where numbers are real and the world is three-dimensional. Newcomers to
engineering tensor analysis will also eventually become exasperated by the apparent dis-
connects between jargon and definitions among practitioners in the field — some profes-
sors define the word “tensor” one way while others will define it so dramatically
differently that the two definitions don’t appear to have anything to do with one another.
In this book we will alert you about these terminology conflicts, and provide you with
means of converting between notational systems (structures), which are essential skills if
you wish to effectively read the literature or to communicate with colleagues. 

After presenting basic vector and tensor analysis in the form most useful for ordinary
three-dimensional real-valued engineering problems, we will add some layers of complex-
ity that begin to show the path to unified theories without walking too far down it. The
idea will be to explain that many theorems in higher-dimensional realms have perfect ana-
logs with the ordinary concepts from 3D. For example, you will learn in this book how to
obliquely project a vector onto a plane (i.e, find the “shadow” cast by an arrow when you
hold it up in the late afternoon sun), and we demonstrate in other (separate) work that the
act of solving viscoplasticity models by a return mapping algorithm is perfectly analogous
to vector projection.

Throughout this book, we use the term “ordinary” to refer to the three dimensional
physical space in which everyday engineering problems occur. The term “abstract” will be
used later when extending ordinary concepts to higher dimensional spaces, which is the
principal goal of generalized tensor analysis. Except where otherwise stated, the basis

 used for vectors and tensors in this book will be assumed regular (i.e.,
orthonormal and right-handed). Thus, all indicial formulas in this book use what most
people call rectangular Cartesian components. The abbreviation “RCS” is also frequently
used to denote “Rectangular Cartesian System.” Readers interested in irregular bases can
find a discussion of curvilinear coordinates at http://www.me.unm.edu/~rmbrann/
gobag.html (however, that document presumes that the reader is already familiar with the
notation and basic identities that are covered in this book).

STRUCTURES and SUPERSTRUCTURES
If you dislike philosophical discussions, then please skip this section. You may go directly to
page 21 without loss.

Tensor analysis arises naturally from the study of linear operators. Though tensor anal-
ysis is interesting in its own right, engineers learn it because the operators have some
physical significance. Junior high school children learn about zeroth order tensors when
they are taught the mathematics of straight lines, and the most important new concept at
that time is the slope of a line. In freshman calculus, students learn to find local slopes
(i.e., tangents to curves obtained through differentiation). Freshman students are also
given a discomforting introduction to first-order tensors when they are told that a vector is
“something with magnitude and direction”. For scientists, these concepts begin to “gel” in
physics classes (where “useful” vectors such as velocity or electric field are introduced,

e
˜1 e

˜2 e
˜3, ,{ }
2
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and vector operations such as the cross-product begin to take on useful meanings). As stu-
dents progress, eventually their attention focuses on the vector operations themselves.
Some vector operations (such as the dot product) start with two vectors to produce a sca-
lar. Other operations (such as the cross product) produce another vector as output. Many
fundamental vector operations are linear, and the concept of a tensor emerges as naturally
as the concept of slope emerged when you took junior high algebra. Other vector opera-
tions are nonlinear, but a “tangent tensor” can be constructed in the same sense that a tan-
gent to a nonlinear curve can be found by freshman calculus students.

The functional or operational concept of a tensor deals directly with the physical
meaning of the tensor as an operation or a transformation. The “book-keeping” for charac-
terizing the transformation is accomplished through the use of structures. A structure is
simply a notation or syntax — it is an arrangement of individual constituent “parts” writ-
ten down on the page following strict “blueprints.” For example, a matrix is a structure
constructed by writing down a collection of numbers in tabular form (usually ,

, or  arrays for engineering applications). The arrangement of two letters in the
form  is a structure that represents raising  to the power . In computer programing,
the structure “y^x” is often used to represent the same operation. The notation  is a
structure that symbolically represents the operation of differentiating  with respect to ,
and this operation is sometimes represented using the alternative structure “ ”. All of
these examples of structures should be familiar to you. Though you probably don’t
remember it, they were undoubtedly quite strange and foreign when you first saw them.
Tensor notation (tensor structures) will probably affect you the same way. To make mat-
ters worse, unlike the examples we cited here, tensor notation varies widely among differ-
ent researchers. One person’s tensor notation often dramatically conflicts with notation
adopted by another researcher (their notations can’t coexist peacefully like  and “y^x”).
Neither researcher has committed an atrocity — they are both within rights to use what-
ever notation they desire. Don’t get into cat fights with others about their notation prefer-
ences. People select notation in a way that works best for their application or for the
audience they are trying to reach. Tensor analysis is such a rich field of study that variants
in tensor notation are a fact of life, and attempts to impose uniformity is short-sighted
folly. However, you are justified in criticizing another person’s notation if they are not
self-consistent within a single publication.

The assembly of symbols, , is a standard structure for division and  is a standard
structure for multiplication. Being essentially the study of structures, mathematics permits
us to construct unambiguous meanings of “superstructures” such as  and consistency
rules (i.e., theorems) such as 

 if  (1.1)

3 3×
3 1× 1 3×

yx y x
dy
dx
------

y x
y, x
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a
b
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We’ve already mentioned that the same operation might be denoted by different struc-
tures (e.g., “y^x” means the same thing as ). Conversely, it’s not unusual for structures
to be overloaded, which means that an identical arrangement of symbols on the page can
have different meaning depending on the meanings of the constituent “parts” or depending
on context. For example, we mentioned that “  if ”, but everyone knows that
you shouldn’t use the same rule to cancel the “d”s in a derivative  to claim it equals .
The derivative is a different structure. It shares some manipulation rules with fractions, but
not all. Handled carefully, structure overloading can be a powerful tool. If, for example, 
and  are numbers and  is a vector, then structure overloading permits us to write

. Here, we overloaded the addition symbol “+”; it represents addition
of numbers on the left side but addition of vectors on the right. Structure overloading also
permits us to assert the heuristically appealing theorem ; in this context, the hor-
izontal bar does not denote division, so you have to prove this theorem — you can’t just
“cancel” the “ ”s as if these really were fractions. The power of overloading (making
derivatives look like fractions) is evident here because of the heuristic appearance that
they cancel just like regular fractions.

In this book, we use the phrase “tensor structure” for any tensor notation system that is
internally(self)-consistent, and which everywhere obeys its own rules. Just about any per-
son will claim that his or her tensor notation is a structure, but careful inspection often
reveals structure violations. In this book, we will describe one particular tensor notation
system that is, we believe, a reliable structure.* Just as other researchers adopt a notation
system to best suit their applications, we have adopted our structure because it appears to
be ideally suited to generalization to higher-order applications in materials constitutive
modeling. Even though we will carefully outline our tensor structure rules, we will also
call attention to alternative notations used by other people. Having command of multiple
notation systems will position you to most effectively communicate with others. Never
(unless you are a professor) force someone else to learn your tensor notation preferences
— you should speak to others in their language if you wish to gain their favor.

We’ve already seen that different structures are routinely used to represent the same
function or operation (e.g.  means the same thing as “y^x”). Ideally, a structure should
be selected to best match the application at hand. If no conventional structure seems to do
a good job, then you should feel free to invent your own structures or superstructures.
However, structures must always come equipped with unambiguous rules for definition,
assembly, manipulation, and interpretation. Furthermore, structures should obey certain
“good citizenship” provisos.

(i) If other people use different notations from your own, then
you should clearly provide an explanation of the meaning of
your structures. For example, in tensor analysis, the structure

* Readers who find a breakdown in our structure are encouraged to notify us.
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 often has different meanings, depending on who writes

it down; hence, if you use this structure, then you should
always define what you mean by it.

(ii) Notation should not grossly violate commonly adopted “stan-
dards.” By “standards,” we are referring to those everyday
bread-and-butter structures that come implicitly endowed
with certain definitions and manipulation rules. For example,
“ ” had darned will better stand for addition — only a
deranged person would declare that the structure “ ”
means division of x by y (something that the rest of us would
denote by , ,  or even ). Similarly, the words
you use to describe your structures should not conflict with
universally recognized lexicon of mathematics. (see, for
example, our discussion of the phrase “inner product.”)

(iii) Within a single publication, notation should be applied con-
sistently. In the continuum mechanics literature, it is not
uncommon for the structure  (called the gradient of a vec-
tor) to be defined in the nomenclature section in terms of a
matrix whose  components are . Unfortunately,
however, within the same publication, some inattentive
authors later denote the “velocity gradient” by  but with
components — that’s a structure self-consistency
violation!

(iv) Exceptions to structure definitions are sometimes unavoid-
able, but the exception should always be made clear to the
reader. For example, in this book, we will define some
implicit summation rules that permit the reader to know that
certain things are being summed without a summation sign
present. There are times, however, that the summation rules
must be suspended and structure consistency demands that
these instances must be carefully called out.

What is a scalar? What is a vector?
This physical introduction may be skipped. You may go directly to page 21 without loss.

We will frequently exploit our assumption that you have some familiarity with vector
analysis. You are expected to have a vague notion that a “scalar” is something that has
magnitude, but no direction; examples include temperature, density, time, etc. At the very
least, you presumably know the sloppy definition that a vector is “something with length
and direction.” Examples include velocity, force, and electric field. You are further pre-
sumed to know that an ordinary engineering vector can be described in terms of three
components referenced to three unit base vectors. A prime goal of this book is to improve
this baseline “undergraduate’s” understanding of scalars and vectors.

A:B

x y+
x y+

x
y
-- x y⁄ x y÷ y  x

v∇

ij ∂vj ∂xi⁄

v∇
∂vi ∂xj⁄
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In this book, scalars are typeset in plain italic ( ). Vectors are typeset in bold
with a single under-tilde (for example, ), and their components are referred to by num-
bered subscripts ( ). Introductory calculus courses usually denote the orthonormal
Cartesian base vectors by , but why give up so many letters of the alphabet? We
will use numerically subscripted symbols such as  or  to denote
the orthonormal base vectors. 

As this book progresses, we will improve and refine our terminology to ultimately pro-
vide the mathematician’s definition of the word “vector.” This rigorous (and therefore
abstract) definition is based on testing the properties of a candidate set of objects for cer-
tain behaviors under proposed definitions for addition and scalar multiplication. Many
engineering textbooks define a vector according to how the components change upon a
change of basis. This component transformation viewpoint is related to the more general
mathematician’s definition of “vector” because it is a specific instance of a discerning def-
inition of membership in what the mathematician would see as a candidate set of
“objects.” For many people, the mathematician’s definition of the word “vector” sparks an
epiphany where it is seen that a lot of things in math and in nature function just like ordi-
nary (engineering) vectors. Learning about one set of objects can provide valuable insight
into a new and unrelated set of objects if it can be shown that both sets are vector spaces in
the abstract mathematician’s sense.

What is a tensor?
This section may be skipped. You may go directly to page 21 without loss.

In this book we will assume you have virtually zero pre-existing knowledge of tensors.
Nonetheless, it will be occasionally convenient to talk about tensor concepts prior to care-
fully defining the word “tensor,” so we need to give you a vague notion about what they
are. Tensors arise when dealing with functions that take a vector as input and produce a
vector as output. For example, if a ball is thrown at the ground with a certain velocity
(which is a vector), then classical physics principals can be use to come up with a formula
for the velocity vector after hitting the ground. In other words, there is presumably a func-
tion that takes the initial velocity vector as input and produces the final velocity vector as
output: . When grade school kids learn about scalar functions
( ), they first learn about straight lines. Later on, as college freshman, they learn
the brilliant principle upon which calculus is based: namely, nonlinear functions can be
regarded as a collection of infinitesimal straight line segments. Consequently, the study of
straight lines forms an essential foundation upon which to study the nonlinear functions
that appear in nature. Like scalar functions, vector-to-vector functions might be linear or
non-linear. Very loosely speaking, a vector-to-vector transformation  is linear if
the components of the output vector  can be computed by a square  matrix  act-
ing on the input vector :*

* If you are not familiar with how to multiply a  matrix times a  array, see page 22.
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 (1.2)

Consider, for example, our function that relates the
pre-impact velocity to the post-impact velocity for a
ball bouncing off a surface. Suppose the surface is fric-
tionless and the ball is perfectly elastic. If the normal to
the surface points in the 2-direction, then the second
component of velocity will change sign while the other
components will remain unchanged. This relationship
can be written in the form of Eq. (1.2) as

 (1.3)

The matrix  in Eq. (1.2) plays a role similar to the role played by the slope  in the
most rudimentary equation for a scalar straight line, .* For any linear vector-to-
vector transformation, , there always exists a second-order tensor [which we will
typeset in bold with two under-tildes, ] that completely characterizes the transforma-
tion.† We will later explain that a tensor  always has an associated  matrix of com-
ponents. Whenever we write an equation of the form

,  (1.4)

it should be regarded as a symbolic (more compact) expression equivalent to Eq. (1.2). As
will be discussed in great detail later, a tensor is more than just a matrix. Just as the com-
ponents of a vector change when a different basis is used, the components of the 
matrix that characterizes a tensor will also change when the underlying basis changes.
Conversely, if a given  matrix fails to transform in the necessary way upon a change
of basis, then that matrix must not correspond to a tensor. For example, let’s consider
again the bouncing ball model, but this time, we will set up the basis differently. If we had
declared that the normal to the surface pointed in the 3-direction instead of the 2-direction,
then Eq. (1.3) would have ended up being

* Incidentally, the operation  is not linear. The proper term is “affine.” Note that 
. Thus, by studying linear functions, you are only a step away from affine functions (just 

add the constant term after doing the linear part of the analysis).
† Existence of the tensor is ensured by the Representation Theorem, covered later in Eq. 9.7.
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 (1.5)

Note that changing the basis forced a change in the 
matrix. Less trivially, if we had set up the basis by rotat-
ing it  clockwise, then the formula would have been
given by the far less intuitive or obvious relationship

 (1.6)

We have not yet covered the formal process for determining how the components of the
tensor  must vary with a change in basis, so don’t be dissuaded if you don’t know how
we came up with the components shown in Eq. (1.6). One thing you can do at this stage is
double-check the equation for some special cases where you know what the answer should
be. For example, with this rotated basis, if the ball has an incoming trajectory that happens
to be parallel to , then examining the picture should tell you that the outgoing trajectory
should be parallel to , and the above matrix equation does indeed predict this result.
Another special case you can consider is when the incoming trajectory is headed straight
down toward the surface so that  is parallel to , which corresponds to a com-
ponent array . Then the matrix operation of Eq. (1.6) would give

 is parallel to , or  (1.7)

This means the outgoing final velocity is parallel to , which (referring to the
sketch) is straight up away from the surface, as expected. The key point here is: if you
know the component matrix for a tensor with respect to one basis, then there exists a for-
mal procedure (discussed later in this book) that will tell you what the component matrix
must look like with respect to a different basis.

At this point, we have provided only an extremely vague and undoubtedly disquieting
notion of the meaning of the word “tensor.” The sophistication and correctness of this pre-
liminary definition is on a par with the definition of a vector as “something with length
and direction.” A tensor is the next step in complexity — it is a mathematical abstraction
or book-keeping tool that characterizes how something with length and direction trans-
forms into something else with length and direction. It plays a role in vector analysis simi-
lar to the concept of slope in algebra.
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